Introduction
In recent years, the possible measurement of the absolute mass scale of neutrinos through 0νββ decay has become of considerable interest. This decay takes place only when the neutrino is a Majorana particle with finite mass. Its occurrence has not been confirmed yet and is at the present time the subject of many experimental investigations. Concomitant with the 0νββ there is the 2νββ decay mode. This mode is allowed by the standard model and it has now been observed in several nuclei [1] . While the 0νββ mode can be safely calculated in the closure approximation, since the average virtual neutrino momentum is of order 100 MeV/c and thus well above the scale of nuclear excitations, the closure approximation is not expected to be good for 2νββ where the neutrino momentum is of order of few MeV/c and thus of the same scale of nuclear excitations.
2νββ decay without the closure approximation has been calculated within the framework of QRPA [2] and LSSM [3] . In this paper, we initiate a new approach to calculate 2νββ without the closure approximation within the framework of the interacting boson model (IBM-2) and its extensions (IBFM-2 and IBFFM-2) [4] . This latter model has been used extensively to calculate spectra of odd-even medium mass and heavy mass nuclei (IBFM-2) and of odd-odd nuclei (IBFFM-2) [5] , which are crucial for the calculation of 2νββ decay. After a description of the IBFM formalism, we proceed to do a calculation of two-neutrino double-β decays for 128 Te→ 128 Xe and 130 Te→ 130 Xe. The aim of the paper is two-fold: (i) first and foremost we want to understand what is the mechanism of 2νββ in Te, that is, what intermediate states in the odd-odd nucleus contribute to the decay and (ii) from a comparison of our calculated matrix elements with experimental single-β and 2νββ decay, extract the value of the effective axial vector coupling constant, g A,eff .
2 Two-neutrino double-β decay in IBFM
Gamow-Teller and Fermi transitions
The inverse half-life τ −1 for 2ν double-β decay has been derived by several authors [6, 7, 8] . We use here the formulation of Tomoda [9] as adapted in [10] . 
where G
2ν is the lepton phase-space integral, g A is the axial vector coupling constant and
The Gamow-Teller (GT) matrix elements M 
where t ± is the isospin increasing/decreasing operator, σ = 2s is the Pauli spin matrix, while Q ββ is the Q value of the double-β decay, and E I and E N are the energies of the initial and the intermediate states, respectively. The coefficient G (0) 2ν is the lepton phase-space integral. Its values are given in Refs. [9] and [10] . The Fermi (F) matrix elements M 
The inverse half-life of the decay 0
is calculated in a similar fashion by M 2ν = (m e c 2 ) 3 M
GT,2+ 2ν
with M GT,2+ 2ν
( 1 2 (Q ββ + 2m e c 2 ) + E N − E I ) 3 .
In this case, there is no Fermi contribution. The aim of this paper is the calculation of the matrix elements M 
IBFM calculation of β decays
The ingredients in the calculation are the matrix elements from even-even to odd-odd nuclei, 1
, and from odd-odd to even-even, 0
+ N , which we now proceed to evaluate. A formulation of β-decay in the proton-neutron interacting boson-fermion model (IBFM-2) was given years ago [4, Chap. 7] and [11, 12] . The microscopic theory gives the images of the Fermi and Gamow-Teller transition operators as
where
The operator P (j) ρ stands for the boson-fermion image of the particle transfer operator. For the transitions from an even-even nucleus to an odd-odd nucleus, it can be either of the two operators:
where a † jm is the fermion creation operator, s † is the s-boson creation operator, and the z-component ofd is related to the d-boson annihilation operator bỹ
In these operators, the distinction between the proton (π) and the neutron (ν) will be made later when necessary. The operator from an odd-odd nucleus to an even-even nucleus is
whereã jm is related to the fermion annihilation operator a jm byã jm = (−1) j−m a j,−m , s is the s-boson annihilation operator, and d † is the d-boson creation operator.
The coefficients of the transfer operators are [4] 
where u j and v j are BCS unoccupation and occupation amplitudes, and the quantities K, K
are calculated from the expectation values of the s-boson and d-boson numbers, n s ,n d , and
If the odd fermion is a hole, then u j and v j are interchanged, and the sign of β j ′ j is reversed in Eqs. (14) to (20 The Hamiltonian for odd-even nuclei (IBFM-2) is given by
The boson Hamiltonian H B is the core Hamiltonian ( 128 Te and 130 Te in the present case). The symbol ρ refers to π (proton) or ν (neutron) depending on the odd fermion. The fermion single-particle Hamiltonian is
where ε jρ is the quasi-particle energy of the odd particle, whilen jρ is the number operator. We adopt the single-particle energies in [11, 12] , shown in Table 5 .
The quasi-particle energies ε jρ are calculated in the usual BCS approximation with gap ∆ = 12/ √ A. In this BCS calculation, we include both positive and negative-parity orbits. The terms V BF ρ are the interaction between the bosons and the odd particle:
+ Hermitian conjugate
The symbol ρ ′ indicates the other kind of nucleon; e.g., ρ ′ = ν when ρ = π. For the orbital dependence of the interaction strengths, we adopt the parametrization of Refs. [4, 14] :
The definitions of the parameters A and Γ are the same as that in [11] . The exchange interaction in (28) with the same Λ corresponds to the total d-boson 
while the negative parity orbital is h 11/2 . For the calculation of positive parity levels reported here, we use the parameters of [11] , shown in Table 6 . Table 7 shows some of the low-lying energy levels. The agreement between calculated and experimental levels is good.
The intermediate states in 128,130 I are described by the proton-neutron interacting boson-fermion-fermion model (IBFFM-2) [15] . Because the nearest closed shell has Z = 50 and N = 82, the nuclei 128,130 I are described as a system of an IBM-2 boson core and an odd proton and an odd neutron: Te 76,78 + p − n.
The odd neutron is treated as a hole. The related nuclei are summarized in Table 1 . We include the same orbitals as in the previous subsection with s. p. e. given in Table 5 . The Hamiltonian is
The boson and the fermion Hamiltonian parameters are those given in the previous sections. The last term is the residual interaction between the odd proton Table 8 : Proton-neutron residual interaction in 128,130 I.
and the odd neutron given as [15] 
The matrix elements between two quasi-particles are connected to those between two particles as
The strengths of the delta interaction (V δ ), the spin-spin interaction (V σσ ), the spin-spin-delta interaction (V σσδ ) and the tensor interaction (V T ) are determined from a fit to the experimental levels. The adopted values are shown in Table 8 . By diagonalizing the Hamiltonian (35) we obtain the energy levels and wave functions. The energy levels are compared with the experimental data in Table  9 and Fig + states is important. The location of 0 + states is also of some importance, but these appear at higher excitation energy (805 keV) and therefore are not shown in Table 9 and Figure 1 .
The electromagnetic transition operators in IBFFM-2 are
(38) 
Figure 1: Energy levels in 128,130 I. The experimental data are from [18, 19] .
and
where L B ρ is the boson angular momentum, l is the fermion orbital angular momentum, and s is the fermion spin. The effective charges and other coefficients are taken from [12] , with which the electromagnetic properties in odd-A nuclei are explained very well: e B π = e B ν = 0.12 eb, e eff,π = 0.405 e, e eff,ν = 0.135 e, g Table 10 : Electromagnetic moments, µ, Q, and transitions B(M 1), B(E2), in 128 I. Since there are many levels with unclear spin, it is difficult to determine the level order. Therefore, the calculated decay rates are always written in the decreasing order of spin. If the actual decays take place in the opposite direction, then the spin factors of the reduced transition matrix elements need to be adjusted.
0.00831 Table 10 : Electromagnetic moments, µ, Q, and transitions B(M 1), B(E2), in 128 I. Since there are many levels with unclear spin, it is difficult to determine the level order. Therefore, the calculated decay rates are always written in the decreasing order of spin. If the actual decays take place in the opposite direction, then the spin factors of the reduced transition matrix elements need to be adjusted.
0.00477
0.00738 B(E2; 3
0.00110 B(E2; 4
0.00000796 Table 10 : Electromagnetic moments, µ, Q, and transitions B(M 1), B(E2), in 128 I. Since there are many levels with unclear spin, it is difficult to determine the level order. Therefore, the calculated decay rates are always written in the decreasing order of spin. If the actual decays take place in the opposite direction, then the spin factors of the reduced transition matrix elements need to be adjusted.
0.00179 B(E2; 5
0.00501 B(E2; 5
0.00504 Table 11 : Electromagnetic moments, µ, Q, and transitions B(M 1),
0.00248 (N π = 1, N ν = 3). Therefore, the operators of (10) are applicable:
Single-β decay
In the second process, 128 I → 128 Xe, the even-even nucleus 128 Xe has (N π = 2, N ν = 4) and the odd-odd nucleus 128 I has (N π = 1, N ν = 3). Thus both for protons and neutrons, the transfer operator involves the creation of a fermion and the annihilation of a boson, and the operators of (13) are applicable:
This
where I i is the angular momentum of the initial nucleus. The results, using the value g A = 1.269 from neutron decay [17] , are shown in Tables 12-15, [20] . The value of g A,eff is then obtained from 
where we have estimated the error δ in the determination of g (2) . This transition is highly retarded both in theory and experiment.
The main purpose of this paper is, however, the calculation of all 1 
where represents the sum of the strength up to 3 MeV. The value 0.079 (8) is 130 I is identified. However, some excess strength in the region 2-3 MeV, especially around E x ∼ = 2.7 MeV where we predict the F + strength to be concentrated, is seen in Fig. 1 of [21] . It would be of great interest to investigate this point further, since it will clarify the question of isospin violation in this mass region. 
Double-β decay
The individual matrix elements of t + σ and t + are then combined as in Eqs. (3), (4) and (6) to obtain the matrix elements for 2νββ decay. In evaluating the denominators in Eqs. (3), (4) and (6) Table 20 indicates that there is a small isospin violation in our wave functions. The individual contributions to the sums are also shown in the bottom panels of Figures 2-5 I. This is the most important result of this paper. Our calculation is consistent with (1) the single state dominance (SSD) hypothesis [23, 24, 25] and (2) the Fermi-surface quasi-particle model of Ejiri [26] . The F sum is very small and receives most of its contribution from two states at E x = 2.179 and 2.701 MeV in 130 I, and at E x = 2.282 and 2.443 MeV in 128 I. The matrix elements 
From the values in Table 20 and g A = 1.269, g V = 1, we have 0.514 for 128 Te and 0.470 for 130 Te decay. Under the assumption that g A is quenched to g A,eff,ββ while (g V /g A ) is not, thus writing
we can extract g A,eff,ββ = 0.293 for 128 Te and g A,eff,ββ = 0.257 for 130 Te, in fair agreement with the values extracted from single-β decay, g A,eff,β = 0.313 for 128 Te← 128 I and 0.255 for 128 I→ 128 Xe. Assuming that the quenching of g A is the same in both single-β and 2νββ decay and using the adopted value g A,eff = 0.28 (3) of Eq. (50) we obtain the quenched values in Table 21 , in reasonable agreement with experiment. It appears from this table that knowledge of single-β decays allows one to reliably calculate 2νββ, as emphasized by Ejiri [26] , and thus predict the 2νββ half-life in cases where it has not been measured. This statement, however, relies on our assumption leading to Eq. (57). Quenching of matrix elements in a given model calculation arises from two effects: (i) The limited model space in which the calculation is done and (ii) coupling to non-nucleonic degrees of freedom (∆, N * , ...). For the second part we expect g A to be quenched and g V not, due to the conserved vector current hypothesis (CVC). For the first part, it is reasonable to expect that both g A and g V be quenched. While for g A there are experimental data to extract g A,eff from single-β decay, as we have done in Sect. 3.2, there are no data to extract g V,eff , and thus our assumption that g V /g A in (57) is unquenched is speculative.
Using the values in Table 21 and the phase space factor of [10] , G 
The ratio is of the same order of magnitude of 
and thus it may be difficult to observe.
Sensitivity to parameter assumptions
Single-β and double-β decays are particularly sensitive to the occupation probabilities u j , v j of single-particle orbits, as one can see from Eqs. (14)- (17) . To test this sensitivity, we have redone the calculation with another set of singleparticle energies, as proposed by Fujita and Ikeda [20] , shown in Table 22 . This set is rather different from that in Table 5 , most notably by the location of the 0g 7/2 level and by the inclusion of the 0h 9/2 proton and 0g 9/2 neutron levels. It does not reproduce accurately spectra of odd-even and odd-odd nuclei in the region, but it is considered here to test the sensitivity to the choice of single particle energies. Table 5 . This change results in a reduction of the double-β matrix elements |M 2ν | as shown in Table 23 . The same , t) . Nevertheless, assuming g A,eff,2νββ = g A,eff,β , and using the average value g A,eff = 0.35 (6) from single-β, we obtain the values in Table 24 . These are in reasonable agreement with experiment, although the agreement is not as good as with the s. p. e. of [11] .
Sensitivity to truncation to E x < 3 MeV
The calculations reported in the previous subsections are based on contributions of states in the intermediate odd-odd nucleus with E x < 3 MeV. It is of interest to investigate how likely or unlikely is that states above 3 MeV could contribute significantly to two-neutrino decay.
The 1 + and 0 + states with E x > 3 MeV are built from two contributions: (top), 0
(center) and 0
for the double-β decay from the lowest 0 + in 128 Te to the lowest 0 + in 128 Xe calculated by the single-particle energies of [20] . Figure 7 : The same plots as Fig. 3 for the decay 130 Te→ 130 Xe through 130 I calculated by the single-particle energies of [20] . Table 24 : Two-neutrino double-β decay matrix elements, |M 2ν | in IBFM with single particle energies of [20] . exp calc quenched 128 Te 0.044 (6) 0.315 0.039 (13) 130 Te 0.031 (4) 0.271 0.033 (11) (1) states constructed from single-particle orbitals within the model space of Table 5 ; (2) states constructed from single-particle orbitals above the shell gap at 82 or below the shell gap at 50. To investigate the contribution of states with E x > 3 MeV within the model space of Table 5 , one can simply extend the calculation from the current lowest ∼ 100 1 + states and ∼ 50 0 + states to larger numbers. It appears that the properties of the strength distributions remain the same and that therefore states of this type will not contribute significantly to two-neutrino decay. States constructed from single-particle orbits outside the model space of Table 5 will appear in the spectrum at energies above the shell gaps, E x 5 MeV. We have in fact investigated their contributions by including the proton orbit 0h 9/2 and the neutron orbit 0g 9/2 , as in Table 22 , and concluded that also this type of states will not contribute significantly to two-neutrino decay. The argument is as follows. Inclusion of excitations across major shells will give major contributions to the strength distribution for the GT − and F − "legs", Te → I, especially in the region E x 10 MeV, where the giant GT resonance (E x ≃ 14 MeV) and the Isobaric Analogue State, IAS (E x ≃ 12 MeV) are located. However, because of their composition in terms of single-particle states, we expect its contribution to the GT + (or F + ) "leg", I → Xe, which will still remain concentrated in few low-lying states, Figs. 6 and 7, center panel. It is therefore, in our opinion, quite unlikely that states above 3 MeV will contribute significantly to two-neutrino decay.
Conclusion
In this article, a detailed investigation of the ten nuclei:
128 Te, within the framework of the interacting boson model-2, IBM-2, and its generalizations IBFM-2 and IBFFM-2 has been done. The parameters needed in this investigation have been obtained as much as possible from the available experimental information. The wave functions so obtained have been used to calculate single-β and 2νββ matrix elements.
The main results of our investigation are:
(1) The mechanism of 2νββ in these nuclei appears to be single-state dominance (SSD). (4) Use of a single value g A,eff ≡ g A,eff,β ≡ g A,eff,ββ appears to describe well both single-β and 2νββ decay.
(5) The results are very sensitive to the choice of single-particle energies, most notably the weak branch 128,130 I → 128,130 Xe. However, when the renormalization of g A is taken into account through fitting the single-β decay, different choices of s. p. e. give similar results for 2νββ, but with varying degree of accuracy. The best choice appears to be that of the s. p. e. of [11] which describes all observed quantities fairly: energies, electromagnetic transitions and moments, single-β matrix elements, ( 3 He, t) strength distributions, and double-β matrix elements, in the quenched approximation.
Our best estimates of 2νββ matrix elements are therefore those given in Table  21 (3) and g A,eff = 0.35 (6) for the singleparticle levels of Table 5 and 22, respectively, are rather low. The values of g A,eff depend on mass number, A, and on the nuclear model used in their extraction. A preliminary study of g A,eff in the Interacting Boson Model (IBM-2) in the closure approximation for 2νββ decay and the Interacting Shell Model (ISM) has been done in [30] . It has been found that g A,eff has a smooth dependence that can be parametrized as g A,eff = 1.269A −0.18 plus shell effects. The extracted values of g A.eff in the mass region, A ∼ 130, are g A,eff ≃ 0.5 for IBM-2 and ∼ 0.6 for ISM. A similar analysis has been done within the framework of QRPA [31] with similar results. We intend to continue the study of g A,eff within the framework described in the present article to understand how general is the result presented here, and also to study the related question of the extent to which g V is quenched in heavy nuclei, if at all.
The question of the impact of the small value of g A,eff found in β-decay and 2νββ-decay to 0νββ-decay is the subject of much debate. While only GT (1 + ) and F (0 + ) multipoles contribute to allowed β-and 2νββ-decay, all multipoles (1 + , 2 − , 3 + , ...), (0 + , 1 − , 2 + , ...) contribute to 0νββ decay. It is not clear whether or not the higher multipoles are quenched. Nonetheless, since 1 + and 0 + still provide the largest contributions, we expect the quenching of g A and g V to play an important role in 0νββ decay. Since, in view of the fact that g A appears to the fourth power in the decay rate, the quenching of g A has major repercussions on 0νββ experiments, we plan to investigate this problem in depth in subsequent papers.
